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Abstract. Expressions for the stored energy, energy power, power dissipated and the
velocity of energy propagation are derived for wave pulses with slowly varying amplitudes.
The results are expressed in terms of the dispersion function D(w, k, A) which is assumed to
be an explicit function of the dissipational parameter A. It is shown that in the case of
resonant pulse propagation through a non-inverted atomic medium the energy velocity is
always less than the free space velocity of light c. It is also shown, using the expression for
the dissipated power in an atomic medium, that the asymmetric absorption of energy of the
pulse results in a motion of the pulse maximum at a velocity greater than c.

1. Introduction

Expressions for the stored energy, energy flow and the velocity of energy propagation
are of basic interest in the analysis of wave motion.

For propagation of wave pulses through a non-absorbing but strongly dispersive
medium these quantities can be obtained from a Lagrangian density (cf Anderson and
Askne 1972, 1974) including correction terms associated with the dispersive properties
of the medium as well as with the variation of the slowly varying amplitude.

For an absorbing medium, on the other hand, difficulties arise in attempting to
separate the energy components and to derive the energy expressions as well as the
energy velocity. In the case of propagation of quasi-monochromatic waves in a specific
medium, energy expressions are easily calculated starting from Maxwell’s equations
(see, for example, Brillouin 1960, Loudon 1970). However, for wave pulses with slowly
varying amplitudes it is difficult to determine the evolution of the pulse envelope and to
solve Maxwell’s equations. Frequently used expressions for the stored energy and the
energy flow are based on an assumption of small losses (cf Ginzburg 1964). The
derivation of the energy expressions corresponding to propagation of quasi-
monochromatic waves in the presence of absorption and temporal dispersion is
presented in Askne and Lind (1970), where the analysis is not restricted to media with
small losses.

The aim of the present paper is to derive the generalized energy expressions for
waves with slowly varying amplitudes in an absorptive and strongly dispersive medium,
which include higher-order correction terms that are essential when the medium is
absorptive and strongly dispersive and the variation of the slowly varying amplitude no
longer can be neglected. The resulting stored energy, energy flow, and power dissipated
are expressed in terms of the dispersion function D, which is an explicit function of the
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dissipational parameter A. The analysis is restricted to an isotropic, homogeneous,
linear and reciprocal medium. However, the medium can be temporally as well as
spatially dispersive. Specifying the results for a Gaussian pulse, we obtain the velocity
of energy propagation vg defined as the rate of change of the ‘temporal centre’ of energy
flow. It will also be shown that the second-order generalized energy velocity includes
the second-order expressions for the ‘temporal’ pulse velocity of propagation of a
Gaussian pulse in an absorbing medium (cf Anderson etal 1975), and the velocity of the
moment of inertia for the case of a non-absorbing medium (cf Anderson and Askne
1974). Application to a non-inverted atomic medium shows that the energy velocity is
always less than the free-space velocity of light c. Finally, we will use the expression for
the power dissipated to show that the asymmetric absorption of energy results in a
forward motion of the centre of energy of the pulse so that the maximum of the pulse
envelope can move with speed greater than c.

2. Energy expressions for slowly varying waves in an absorbing medium

We will show that it is possible to derive generalized energy expressions from the
dispersion function if this is an explicit function of the dissipational parameter A. In
order to avoid unneccesary complications we will specialize to an isotropic medium. We
assume further a linear, homogeneous, dispersive and one-dimensional wave problem
characterized by the following matrix equation:

)
A(—, —, A)E - x)=J(¢, x). 1
i AEG 0 =1 %) M
x and ¢ denote space and time coordinates, A is a linear matrix operator, and E and J°
are vectors specifying the wave fields and the external driving fields respectively. If we

have one external field only, a ‘current’ density J° (f, x), we can Fourier transform
equation (1) into the scalar form (cf Askne 1972)

D(w, k, A\)E(w, k) =jJ*(w, k), (2)

where D(w, k, A) is the dispersion function, E{w, k) and J*(w, k) are the transforms of a
fundamental wave field E(t, x) and the current density J°(¢, x). E(t, x) is chosen such
that the product —E(t, x)J°(¢, x) constitutes the power (per volume element) delivered
by the external source. For a full account of these matters see Askne (1972). Notations
and terminology are chosen with a possible application to the electromagnetic waves in
mind. However, this is not essential to the analysis, e.g. in a mechanical wave problem
the corresponding quantities would have been the velocity field and the force density.

In order to obtain energy expressions we restrict ourselves to media with moderate
absorption, i.e. the real part of the wavenumber k.. is one order of magnitude larger
than the imaginary part of the wavenumber k;,,, which is true in most cases of practical
interest. Assuming the waves with slowly varying amplitudes

E(t, x) = Eq(t, x) exp[j(wot — korex)],

3
J*(t, x) = Jo(t, x) expl j(wot — korex)], ¥

where Eo(t, x) and Jo(t, x) are slowly varying amplitudes compared to exp{j(wot —
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korex)], the relation (2) can be written as (cf Askne 1972)
. d ;| .
—_— + —_— =
D(wO ]at’ kOre ]ax » A>E0(t’ x) JJ?)(ta x)a (4)

where D(wo—j(8/31), kore +j(3/0x), A) can be interpreted as a dispersion operator given
by a Taylor expansion around wq and k.
The energy components are assumed to satisfy the energy conservation law

“C+Z4P=P, (5)
X

where W is the averaged stored energy, S the averaged energy flow, P, the averaged
power dissipated, and P, the averaged power delivered by the external source. The
main problem is to separate the energy components. We will now consider some cases
when it is possible to derive expressions for P4 and P, which together with (5) yield
expressions for W and S.

2.1. The power dissipated

In order to separate the energy components we need an expression for the power
dissipated which can be derived from the dispersion function D if this is a known
rational function of the loss parameter A (cf Askne and Lind 1970). In a model
description of a medium the dissipation is often characterized by a damping ‘frictional’
force associated with an oscillatory velocity. The latter is denoted by
volt, x) exp[j{wot — kgrex)]. The frictional force may be assumed to be proportional to
the velocity, i.e. Avg(t, x) exp[jlwot — korex)], where A is frequency and wavelength
independent. If the dissipation is obtained in a part of the system with no relative
motion to the reference system we can write

Pd =%/\U§(t, x)UO(t’ x), (6)

where the asterisk denotes complex conjugate. The system can then be considered as
a coupling between two subsystems, one described by E and the other described by v.
Assuming linear relations between E and v, we have for a coupled system (Askne 1972)

D..(w, k)E(w, k) + D p(w, k)v(w, k) =jl (0, k),

7
Dba(w’ k)E((lJ, k)+Dbb(w9 ka A)v((")’ k)= _jF((l), k)1 ( )

where we have introduced a fictitious force F in order to define the signs of D,, and Dy,
by the fact that the power delivered to the system is Re v ReF.
Elimination of v yields (F=0)
Dy, Dy
D@,k VE(w, k)= ( D= 222%) B(a, ),

bb

(8)
A =v(w, k)/E(w, k) =—(Dpa/Dyp).

As the dissipation is described by a damping force Av, A is included in Dy, only as —jA.
From (8) we obtain (Askne and Lind 1970)

Q_I_)__DabDba anb__ . 21_)_22 9
A (D) 8A J Dy,’ ©
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Since the system is reciprocal we have D,, = + Dy, (cf Askne 1972) yielding
A’=£j(dD/oA). (10)

The sign of A’ is determined from an analysis for large w and k, when we know that A*
takes the form (jw)>"(—jk)*™B’, where B is real. As long as we need A*A the sign is
unimportant. For more illustration of the assumed model of the system see appendix 2
and Askne and Lind (1970).

Assuming the waves with slowly varying amplitudes, equation (85) can be written
as a Taylor expansion around wg and Kore.

(F Alwkn2s_d o)
ot x) = ,,g() n'j" dw 3t ok ax wo,kOreEO(t’ 2 (11)

Using now (6) together with (11) we obtain the expression for the dissipated power as

+00
Pd(t’ x) = Z—:O Pfﬂn)(ty x))

1 (=" [ (5 i 9 5) ]*
(n) _ —y:n 2: . — e ——
Pd 2/\ = !(n _ )‘ A((l), k A) a ak a workor eEO(ta x) (12)
89 38 i) ]
[A(w,k /\)(aw 5 ok ox) . kero(t, x) 1.

In the case of quasi-monochromatic waves we obtain the results given in Askne and
Lind (1970).

2.2. The power delivered

The power delivered by the external source is defined by
1
Pyt x)= —ERe(JB(t, x)Eg(t, x)). (13)

If we multiply (4) and its complex transpose with E§(t, x) and E(t, x) respectively and
subtract the results, we obtain according to (13)

P(t,x)= Y P™(,x),

n=0
. 1 a3 3 3y
P! >=W{Eo(t x)[D(w, k, A)(—(; FYRRFT a_) Eqs, x)] (14)
: wo,kore
,, 53 53 .
D B ) Dl k(S 2= 2 2) gy )]
wo,Kore

2.3. The stored energy and energy flow

We assume

W(t, x) = i W, x); S(t, x)= f S, x); (15)
n= n=0
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and rewrite the energy-conservation relation as

oW ggnh
+
ot ax

where P§” and Pare given by (12) and (14) respectively. We note from (12) and (14)
that the right-hand side of (16) is symmetrical with respect to the derivatives 3/dw, 8/9t
and 8/9k, 3/dx and is invariant for changing w, k, f and x to —k, —w, x and ¢ (or w, k, t and
x to k, w, —x, —t) respectively. Consequently, the left-hand side must also be invariant
under the same transformations. From the fact that W and "~V include the
derivatives 3"/dw" "3k™ and 0" '/at" " lax™(m=1,2... n), the following sym-
metry conditions can be written:

(i) W™V can be obtained from $* ™" and inversely by changing w, k, t and x to ~k,

—w, x and f respectively.

(i) W can be obtained from (—1)"S” " and inversely by changing w, k, t and x

to k, w, x and ¢ respectively.

It is obvious that both conditions are equivalent. This consideration is connected
with the ‘temporal’ and ‘spatial’ pictures of pulse propagation in dispersive and
absorptive media (cf Anderson et al 1975).

Appendix 1 shows how the symmetry conditions together with (8) and (12)-(16)
leads to the first-order expressions for the stored energy and the energy flow. The mean
stored energy is found to be

W, x)= WO x)+ W, x)+. ..

=pr_py n=12... (16)

with
1
w© =ZRe<—+2 )\A*aA)E E,,
1./6°D A\ . 8E, 1.[ D
W= —=; ( +2§ AA* )E —4 [
APPEARS. 057 T8 5w ok 17)
*A dA* 9A\] . 0E
2AAr S g Iml S ) | EGS

(where cc stands for complex conjugate) and the mean energy flow becomes

St x) =S x)+ SV, x)+. ..

with
§O= Re (‘Z—E +2jAA *‘;ﬁ) E3E,,
e Byt 425
v L

The above energy expressions are general for an absorptive and strongly dispersive
medium described by a dispersion function D = D(w, k, A), and can be extended to
second or higher orders. The higher-order derivatives of the envelope function of the
wave as well as of the characteristic dispersion function should be important for strong



1150 M Lisak

dispersion and/or broad-band signals. If we assume quasi-monochromatic waves and
consider the case without spatial dispersion, i.e., D,,, Dy, and Dy, are wavelength
independent, we can obtain from (17)—(18) the results in Askne and Lind (1970).

In the case of a non-absorbing medium we can put A = 0 into our energy expressions
and get the results in Anderson and Askne (1972).

3. Transport velocity of energy density in an absorbing medium

The energy velocity of monochromatic waves may be defined for linear systems as the
ratio of the averages of energy flow to stored energy (cf Brillouin 1960, Loudon 1970).
However, for wave pulses the definition of energy velocity must be related to the choice
of the initial pulse form. We will define the energy velocity as a quantity representing
the rate of change of the ‘centre of pulse energy’. If the initial pulse form is E(t, 0) and
we write the dispersion relation k = k(w), itis correct to calculate the ‘temporal’ energy
velocity, i.e. the rate of change of the ‘temporal centre of gravity’ of the energy flow.
However, if the initial pulse form is Ey(0, x), and the dispersion relation is written as
w = w(k), itis natural to work with the ‘spatial’ energy velocity, i.e. the rate of change of
the ‘spatial centre of gravity’ of the stored energy (cf Anderson and Askne 1974). This
is connected with definitions of the ‘temporal’ or ‘spatial’ velocity of the pulse maximum
(cf Anderson et al 1975). However, we will consider here only the ‘temporal’ energy
velocity defined by

vel0)=[ 2 (%ﬂ . (19)

We see that this velocity describes the motion of the ‘temporal centre of gravity’ of the
energy flow and it tells at least part of the story of the flow of the energy. Thus, we have
a velocity analogous to the centre of mass velocity of dynamics.

In accordance with the analysis given in § 2 the expressions for the averaged stored
energy W and the averaged energy flow S are derived in such a way that the quantity
(P,—Py) is considered as a driving power for the system. Assuming that the energy
velocity is independent of this driving power, it follows from (15) and (16) that equation
(19) reduces to

j_w S(t, x) dt
velx) = 2 W(t, x)dr 20
The dispersion function describing the wave system is written as
D(w, k, A) = —d(w, k, A)(k —k.e(0, L) = jkim(w, X)), (21)

where we assume that the wave packet is not affected by the other modes, i.e. the
variation of the factor d(w, k, A) may be neglected. We assume also that k;n(wo, A) is
one order smaller than k,.(wo, A) and that Re d is one order of magnitude larger than
Im d. We now introduce the ordering parameter € and write

(W S)— Z (W(n) S(n))

. (22)
Eo = Z e"e,,.
n=0
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The evolution of slowly varying wave packets in absorptive and strongly dispersive
media can be studied by a recursive method (cf Anderson et al 1975), i.e. a system of
coupled first-order differential equations for successive approximations is derived and
solved recursively. The amplitudes e, (n =0, 1...)in(21) are found to be (Anderson et
al 1975)

eo(t, x) = exp(Kim(wo) x)f(£),

ex(t, ) = explim(w00)i] 5 ("’2"';) wof"(&) (5=)_ro)
ext 0 = expthmton o] (222) i0-3(2k2) )] @3)
(25 o-5(2k) () o). e

where f is an arbitrary function which satisfies the initial condition Eq(t, 0) = f(¢) and
£=1t—x(0k../dw).,. If we choose the input pulse with a Gaussian envelope

Eo(t, 0) = f(1) = A exp(—bt*), (24)

and extend the energy expressions (17) and (18) to second order, we obtain from (20)-
(23) the second-order expression for the ‘temporal’ energy velocity:

1 (ak,e) (akim) ) (ak,e ) 1 (a3k,¢)

— =) +AC+2bx[=—m) ===+ += +... 25
o \aw ), TACT2250) 3o \Ge T2C) P20 507 ., (25a)
with

[(@kim/ M) (8Kre/ 30 8M)] — [(Bkee/OA) (6 kim/ 80N)]
[(9k,o/0A)* + (Okim/0A Y T?

According to the recursive method, expression (25a) is valid for limited distances

2 -1
(Gez) oG )] @)

0w” /wo 0w /wo
It is interesting to note that the energy velocity given by (25) depends not only on the
parameters of the medium but also on the length of the propagation path, as well as on
the width of the pulse. It appears from (254a) that the x dependence is connected with
the second-order dispersive and absorptive effects. As the distance x increases, the
change in the fine-structure frequency (i.e. the spectrum of the pulse) causes a variation
in the velocity vg. In fact, each spectral interval (w, w +dw) is associated with its own
energy velocity which differs in each interval (x, x +dx). Thus, we can define the
‘temporal’ energy velocity averaged over a distance from the origin x = 0 up to the point
x, which is equal to (25). We note also that equation (25) includes the following
relations.

(a) By assuming monochromatic waves, b =0, equation (25) is reduced to

C= (25b)

x< xcrit~[

1 ak,e)
— | — +
Ug ( Jw wo AC’ (27)

i.e. the energy velocity is equal to the classical group velocity complemented by the
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correction term proportional to the dissipational parameter A. A property of the energy
velocity which is required by the theory of relativity is that it should be smaller than the
free-space velocity of light ¢ at all frequencies wo. It is not immediately obvious from
(26) that vg has this property. The property can be verified, however, for a given
dispersion relation k = k(w, A) describing an absorbing medium (see § 3). It can be
shown that in the case of wave propagation through an absorbing dielectric for
frequencies near the resonance frequency, the expression (27) leads to the result
obtained by Loudon (1970).

(b) The second-order expression for the ‘temporal’ velocity of propagation of a
Gaussian pulse through an absorbing medium is given by (cf Anderson et al 1975)

2
et o) (%)
[ wo wo wo

Jw Jw dw*

i.e. the velocity of the temporal maximum of the envelope function at a given
distance. If we neglect in (25) the correction terms proportional to A and assume
(8°kee/00°)wy =~ 0, wWe obtain the expression (28). This shows that the energy velocity in
an absorbing medium always differs from the velocity of the pulse maximum. The
difference depends on the correction term AC.

(¢) In the case of a non-absorbing medium, A =0 and k;,(wo) = 0, the relation (25)
yields the second-order velocity of inertia introduced in Anderson and Askne (1974).

4. Pulse velocity and energy velocity in an atomic medium

Let us now consider an atomic medium described by the dispersion relation

2

w w
ke A)z;<l—2w(w—ﬂz/f)—j)\/Nm))’ wp<|Nm/AL - (29)

where w§=Ne2/ meo, N is the density of electrons, ) is the resonance frequency,
A = Nm/ T, is the loss factor and T is the relaxation time. We assume a non-inverted
medium (w;>0) and that the pulse centre frequency wy is equal to the atomic line
centre frequency wg which is also equal to the atomic line centre frequency (.

4.1. The ‘temporal’ pulse velocity

From (28) we can calculate the expression for the ‘temporal’ pulse velocity, which is in
this case equal to the group velocity (cf Anderson et al 1975):

2 c

= = 2
Uy = Ug 1_(pr2)2’ wp>0’ (30)

which can exceed the free-space velocity of light c. However, it should be noted that
when the pulse velocity exceeds ¢ (i.e. when the velocity of the maximum exceeds the
velocity of the pulse front), steepening effects eventually invalidate the assumption of
slowly varying amplitudes. A qualitative condition is that the propagation path should
be less than the pulse width divided by (1/c—1/v{®) (see Anderson et al 1975). A
physical interpretation of the fact that v, may be greater than ¢ is of basic interest in
connection with experiments. Crisp (1971) suggested that the asymmetric absorption
of energy of the pulse results in a forward motion of the centre of gravity of the pulse so
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that the pulse maximum is moving with speed greater than c¢. However, no signal or
energy will propagate faster than the free-space velocity of light c. We will examine this
idea for an atomic medium starting from the expression for the power dissipated, Py.
Assuming a medium without spatial dispersion we have from (12)

2 1/2* 1/2 aE
E§+2Im[<j%1x)> ai(-”) ]E —0} 31)

1 <.8D>1/2
_ pO_ p® _! o=

X

where
Eo=eo=exp(kin(@o)x)f(t=x/vy)  and  v5=(3Kre/00)ars

see (22). The dispersion function for an atomic medium can be written as (Askne and
Lind 1970):

2 2
w k
Dk, 0) = e 1- ) K
(0, k, ) =¢gow oo — O Jwoin/Nm)) o w,>0, (32)
and the power dissipated becomes
JE
Py =%eow§T2(E?,—4Ton—a—tﬂ), (33)

where we have assumed wq = {).
The temporal maximum of the envelope function IEO(t, x)| at a given distance x is
determined by 8|Eo(t, x)|/3t|., = 0, where 1y = x/v, and we obtain

Pam=1360w;TLEj. (34)

The power P, associated with the leading half of the pulse (6Eo/dt > 0) is according to
(33) less than the power dissipated in the trailing half of the pulse (6E,/dt <0). Thus,
more energy is absorbed from the trailing half of the pulse than from the leading half
and this results in a motion of the pulse maximum at a velocity greater than c.

4.2. The energy velocity

Using (25) together with (29) and assuming that (3°k,./dw"),,, is negligible, the energy
velocity obtained is

c

U I (w0, Ty

(35)
which is always less than ¢ for wi > (). Thus, it seems that the terms in (25) proportional
to the loss factor A compensate the pulse velocity (27) so that the resulting energy

velocity is always less than ¢ for a non-inverted medium. If we assume monochromatic
waves and introduce the complex dielectric constant

e =ke/w=n—jx, (36)

where n is the index of refraction and x is the extinction coeflicient, we find from (26)
and (29) that the expression for energy velocity can be written as

C

vp=——————
E n420Tx’

(37
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which is the result obtained in Loudon (1970). However, it should be noted that for an
inverted medium (w,i < 0) the resulting energy velocity can be greater than the velocity
of light or negative as a consequence of the relation (20), where the mean stored energy
W can be negative.

5. Conclusions

The results obtained above expose the laws of propagation of pulses with slowly varying
amplitudes in the presence of absorption and dispersion. The essential feature of our
analysis is to demonstrate how energy expressions can be derived from the dispersion
function if this is an explicit function of the dissipational parameter. The resulting
first-order expressions for the stored energy, energy flow and dissipated power can be
extended to include higher-order dispersive and absorptive correction terms. The
expression for the ‘temporal’ energy velocity is obtained by using the results from the
recursive method and is valid only for a propagation path limited by a critical value. The
results of the present work are restricted to the case of moderate absorption but can be
applied to wave pulses in media with temporal as well as spatial dispersion. The present
analysis may also be of value in connection with a discussion of the signal velocity.
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Appendix 1. Derivation of stored energy and energy flow

A.1. Derivation of W'© and S

From the relation (16) for n =1 we have

aW@  55©@
+
at ax

=P~ Py (A.1)

where P{" and P" are obtained from (12) and (14) respectively as

1 0A* JE§  ,8A _,0F JA* aE dA _ OE
P =gial (4% B ar D ) (AT B - A S B )]
=31 2w B AT BN, ak —AY B
N . (A.2)
P 1 [<6DE*6E0 aD* an) (aDE*aE0 oD* 8E0>]
S T4l\ow %ot ew % ot ok ok % ax
with A(w, k, A)=(j(6D/ aA))Y 2. Using now (8) together with (A.2), we obtain
dD,, . |Da|Re D, a|D | \D [ oD
P(l) P(l) ( aa 2 ab bb ab ab bb) E*E
4 ow IDbblz |Dbb|2 ( 0 0)
1<aDaa |Dab|Re Dy albabl |Dayf? anb)
-= -2 + EXE A3
ak |Dbblz IDbblz ak ( 0 O) ( )
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which can be written as

oD

dA
™ +2]AA* )

pLY pm_i ( Z(E} EO)——Re<—+2 ra*id )—(E Eo). (A.4)

dk

Thus, it follows from (A.1) that the zero-order expressions for the mean stored energy
and the mean energy flow are

0A
w =1Re<aD+2 AA* )EE‘;EO,

4
(A.5)
1 ( 8A
o _ 9, * ) EXE
S RC 9k 2 AA 3k oLo,
where A =[j(3D/ar)]"2
A.2. Derivation of W'" and §"
Substituting n =2 into (16} yields
W )
W S _pe_pp, (A.6)
at ax
where P’ and P® are given by (10) and (13) respectively as
‘A E *
PR = ( A*a 2E06E0+2A*8AEG 0 Aango Eo dA* A IE, IE
4 ot dwdok = dtdx ok ax” aw dw adt 9t

0A* A JES 0E, 0A* 0A an an>
ATk U F ool + .
dw ok 3t 9x ok ok ox ox/ <€ (A7)

po__1 .<62D Ey_, &°D §°E, , 8°D &'Eq
: Now? 377~ “swok otax | ok® ox°

— )E &+cc.
8 \ow
We assume that the expressions for W' and §" have such forms that W' can be

obtained from S and inversely by changing w, k, t and x to k, w, x and ¢ respectively.
We rewrite (A.7) and obtain

2

P§2)—P£12)=—'1'](Z ——+2j /\A* )3( 08E0> 1 (a e+2])\A*a A)ax<E an>

8 3 8 ok ax
i LD 2par A )2 (g 2E2)
T3 awak ax
1( a?A ) ( an>
+= +
g/ sook T T2) 5 \ B
1 £ %
2D +2,AA*afz+mA o) OEE oEs
8\ 9> dw Oow/ Jt at
1 (3 A dA* 9A\GE} oF,
+2i( S5+ 210a* L0+ —)—0—0
81\ 5k 2i k> ZiA ok ok/ ax ax
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1. ( #D . A A aA) 9E§ 9Eq
—= +T, +
8 \owak saak T2 ) e o
1.( ¥D . L OA IA aA*)an 3E}
—= + +T,+2jA— —
8\ Gaar TR S TRt AT T ) T o
1 azE
—gj(F1+F2)E§8ta;+cc. (A.8)
From (8) it can be shown that
1, <82D *a A IA* 9 A>
- +c A9
SJ Y —+2jAA 2+2]/\ o cc=0 (A.9)
and similarly
1.<62D L k0A dA*§ A>
=jl ==+ ~—+ + 1
We also find that
3A* 9A <82D ok azA)
- +
ZARC< 0 ak) Im{ 2 ook T2AAT 5 o5k )
(A.11)
; <aA* 8A> _Im(gixaA*>
™ e ok dw ok
Thus
1[1m<82D+2‘,\A* azA)ﬂAaA* dA s )], (A.12)
4l ™\Gwak M Geok b0 ok 1@ '
if
dA* A
[=-I,=2A1 ( —). A.13
1= ™ e 9k (A.13)
Using (A.8)-(A.13) together with (A.6), we find
wh=— 11(3 D2+23AA*8 A)E*GEC’
8" \gw ot
1 [ *D A dA* A oE,
+= + * +2al ( ——)] 6—
8 samak T goak T T ok ) | EO ’
1./8°D oE, (A-14)
m_ _= * o0
s = —gi (G ranar ) B
1, [ D . i’A 3AGA*\] _LIE
b5 a2
8l awak T HAAT o 2Mm Sm o ) | EG S+ ec

Finally, we note that this procedure can be extended to give higher-order energy
expressions.
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Appendix 2. Hlustration of assumed model of the medium
In order to illustrate the assumed model of the medium we apply the analysis given in

§ 2.1 to the electromagnetic wave propagation in a cold electron plasma with collisions.
The system is described by the Maxwell’s equations together with the force equation:

oH

v [ —_—

xE Ko 6[’
VXH=€0-—(;t —Nev+1T°, (A.15)

Nm(z—t;+ vv) =—NeE +F,

where —e is the charge, m the mass and N the density of electrons, v is the collision
frequency. J®and F are the external current density and the fictitious force respectively.

Assuming propagation in the x direction and E =§ E, the Fourier transformation of
(A.15) yields ,

k .
<weo—m)E—jNev =jJ,

. . . (A.16)
jNeE + Nm(w —jv)v = —jF,
which corresponds to equation (7). We identify A = Nmv and obtain (F =0):
2 2
k

DE = <w80"‘ @ 8]0 —'—-> =st

—-jv i

° (A.17)

At Do ___wpeo

Nm{w—jv)~’

where wé = Ne’/meq. According to (14), (17) and (18) the zero-order averaged
expressions for dissipated power, stored energy and energy flow are respectively

Py = 60”—%130 Eo
0) 1 wWrEp kz
w' =—<£0+—2L—2+ >E E,, (A.18)
4 w +v
1k
§O=_ " p¥p
2 oo oLos

which would be expected by physical arguments. Finally, we note that the higher-order
energy expressions can be calculated easily from (14), (17) and (18) together with
(A.17). For more examples in these matters see Askne and Lind (1970).
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